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E-mail address: Liugb76@163.com (G.B. Liu).In this paper, an attempt has been made to investigate the thermo-hydro-elastodynamic
response of a spherical cavity in isotropic saturated poroelastic medium when subjected
to a time dependent thermal/mechanical source. The fully coupling thermo-hydro-elasto-
dynamic model is presented on the basis of equations of motion, ﬂuid ﬂow, feat ﬂow and
constitutive equation with effective stress and temperature change. Solutions of displace-
ment, temperature and stresses are obtained by using a semi-analytical approach in the
domain of Laplace transform. Numerical results are also performed for portraying the nat-
ure of variations of the ﬁeld variables, i.e. the coefﬁcient of thermo-osmosis, the permeabil-
ity. In addition, comparisons are presented with the corresponding partially thermo-hydro-
elastodynamic model and thermo-elastodynamic model to ascertain the validity and the
difference between these models.
Crown Copyright  2009 Published by Elsevier Inc. All rights reserved.1. Introduction
The effect of temperature on the behaviour of medium is a crucial problem and is important for several branches of engi-
neering. Some of the important cases are the disposal of high-level radioactive waste, the extraction of oil or geothermal
energy, the storage of hot ﬂuids, and road subgrade or furnace foundations, which are usually subjected to cyclic changes
of temperature. Therefore, the theory of thermoelasticity was developed and was used to analyze the thermodynamics
problems.
The conventional theory of thermoelasticity is based on the Fourier’s heat conduction law. Due to the parabolic nature of
the energy equation of this theory, inﬁnite propagation speeds for the thermal disturbances are predicted. In addition, Biot
[1] formulated the theory of coupled thermoelasicity to eliminate the paradox inherent in the classical uncoupled theory that
elastic changes had no effect on the temperature. Nevertheless, the coupled thermoelasicity of Biot’s based on the Fourier’s
law of heat conduction can predict an inﬁnite speed of heat propagation only.
Whereafter, most of the approaches that came out to overcome the unacceptable prediction of the classical theory are
based on the general notion of relaxing the heat ﬂux in the classical Fourier heat conduction equation, thereby introducing
a non-Fourier effect. The generalized theories of thermoelasticity presented by Lord and Shulman [2], Green and Lindsay [3]
and Green and Naghdi [4] were formulated three models of thermoelasticity for homogeneous and isotropic materials la-
beled as models I, II, and III. In these theories, a modiﬁed law of heat conduction including both the heat ﬂux and its time
derivative replaced the conventional Fourier’s law. These generalized theories removed the paradox of inﬁnite speed of heat
propagation inherent in the conventional coupled dynamical theory of thermoelasticity introduced by Biot [1] and were the
center of interest of active research during last three decades. In addition, a decomposition theorem for these theories was2009 Published by Elsevier Inc. All rights reserved.
fax: +86 574 87600355.
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GN models in a uniﬁed form. They employed the suggested formulation and then analytically solved the coupled system of
equations for a layer using the Laplace transform.
Based on the Lord Sulman theory, Rehbinder [7], Chatterjee and Roychoudhuri [8], Erbay et al. [9], considered an inﬁnite
isotropic elastic medium with a spherical cavity when the surface of the cavity subjected to different boundary conditions.
The one-dimensional problem of distribution of thermal stresses and temperature in a generalized thermoelastic inﬁnite
medium with a spherical cavity subjected to a sudden change in temperature of its internal boundary was studied by Sherief
and Saleh [10]. Mukhopadhyay [11] concerned with the thermally induced vibration in a homogeneous and isotropic un-
bounded body with a spherical cavity subjected to harmonically varying temperature. The distribution of stresses due to step
input of temperature at the boundary of a spherical hole in a homogeneous isotropic unbounded body in the context of gen-
eralized theories of thermoelasticity was investigated by Kar and Kanoria [12]. In addition, the boundary integral equation
formulation was done to solve the thermoelastic problem by Anwar and Sherief [13].
Several investigators employed the GNmodels to solve a variety of thermoelastic problems. The uniqueness of solution of
the governing equations for the GN theory formulated in terms of stress and energy-ﬂux is established by in Chandrasekha-
raiah [14]. Furthermore, Chandrasekharaiah [15] studied the one-dimensional thermal wave propagation in a half-space
based on the GN model due to a sudden exposure of temperature to the boundary, using the Laplace transform method.
In above literatures, however, the ﬂuid ﬂux in the thermoelasticity is neglected. In fact, porous materials make their
appearance in a wide variety of settings, natural and artiﬁcial, and in diverse technological applications. As a consequence,
a number of problems arises dealing with, among other issues, statics and strength, ﬂuid ﬂow and heat conduction, and
dynamics. During last decades, much attention has been drawn to ﬁnd reliable and efﬁcient formulations and solution pro-
cedures. The theoretical developments in this area have matured from a simple extension of Biot’s isotropic poroelastic the-
ory to a more general approach that can handle the coupling along with the material anisotropy [16]. The extension of Biot’s
theory of poroelasticity to incorporate thermal effects has been used in various forms [17]. Booker and Savvidou [18] pre-
sented an exact solution for the consolidation of soil around a point heat source and proposed an approximate solution
for a cylindrical source. Zimmerman [19] gave brief derivation of the equations of linearized poroelasticity and thermoelas-
ticity. Giraud et al. [20] analysed the case of a heat source that decreases exponentially with time by considering a low-per-
meability clay for nuclear waste disposal. Wang and Papamichos [21] discussed solutions for a cylindrical wellbore and a
spherical cavity subjected to a constant temperature change and heat ﬂow rate.
A thermodynamics theory for elastic saturated porous solids has been presented by Biot [22]. A coupled ﬁnite element
model was presented by Lewis et al. [23], in which a partitioned solution procedure is carried out after the time domain
interaction to restore the symmetry of the coefﬁcient. Coussy [24] gave a general theory of saturated porous solids under
ﬁnite deformation employing the total Lagrangian formulation for the solid skeleton. Masters et al. [25] proposed a model
for deforming ﬁssured porous media, in which two different porosities are deﬁned for the porous medium and the ﬁssured
network, respectively. Bai and Abousleiman [26] discussed the necessity for a full coupling and the possibility of decoupling
and tried to provide practical framework for the thermoporo-elasto-plastic coupling analyses. A formulation for the ther-
moporo-elasto-plastic coupling analysis is presented by Wang and Dong [27], in which the energy balance equation is re-
derived based on the concept of free enthalpy. The corresponding ﬁnite element procedures are developed and implemented
into the commercial software ADINA.
Most of the above literatures are based on classical Darcy’s law and Fourier’s law for ﬂuid ﬂow and heat ﬂow, respectively.
Due to the complexity of the governing equations, most of the above-mentioned analytical solutions are obtained assuming a
semi-coupled thermoporoelastic theory. Speciﬁcally, the equation describing the temperature variation is usually uncoupled
from other ﬁeld quantities. In fact, since detailed and deep knowledge of hydrothermal, hydromechanical and thermal–
mechanical processes and their interdependence is necessary for describing the fully coupled behaviour of ﬂuid-saturated
media, the thermo-mechanical coupling in the poroelastic medium turns out to be of much greater complexity than in
the classical case of an impermeable elastic solid. In addition to thermal and mechanical interaction within each phase, ther-
mal and mechanical coupling occurs between the phases. Therefore, a mechanical or thermal change in one phase results
mechanical and thermal change throughout the aggregate. The generation and dissipation of thermally induced pore pres-
sure with time is a complex phenomenon, involving gradients of pore pressure and temperature, hydraulic and thermal
ﬂows within the mass of soil, and changes in the mechanical properties of the soil with temperature [28]. In other words,
the inﬂuences of temperature gradient on ﬂuid ﬂow (i.e., thermo-osmosis) and pore pressure gradient on heat ﬂow (i.e., ther-
mal-ﬁltration) are neglected.
Previous studies [29,30] showed that, for semi-impermeable porous materials (e.g., very low-permeability clays), the
thermo-osmosis and thermal-ﬁltration effects play an important role in the thermal responses of the media. Based on the
thermodynamics of irreversible processes, the mass conservation equation and heat energy balance equation are established
and the governing equations of thermal consolidation for homogeneous isotropic materials are presented by Bai and Li [31],
accounting for the coupling effects of the temperature, stress and displacement ﬁelds. Using the Biot’s wave equation and the
theory of thermodynamic, Liu et al. [32] investigated the dynamic response of saturated porous elastic medium. Further-
more, on the basis of the theory of thermodynamic of Biot’s, Darcy law of ﬂuid and the modiﬁed Fourier law of heat conduc-
tion, the non-linear model fully coupled thermo-hydro-elastodynamic response (THED) for a saturated poroelastic medium
was derived by Liu et al. [33]. The compressibility of the medium, the inﬂuence of ﬂuid ﬂux on the heat ﬂux and the inﬂuence
of change of temperature on the ﬂuid ﬂux were considered in this model.
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medium with a spherical cavity when subjected to a time dependent thermal/mechanical source. The rest of this paper is or-
ganized as follows. The governing equation of thermo-hydro-elastodynamic response model is established in Section 2. The
solutions of thermo-hydro-elastodynamic response are derived in Section 3. A case study is conducted in Section 4 by using
numerical computations based on the theory derived in Sections 2 and 3. Concluding remarks are made in Section 5.
2. The coupling thermo-hydro-elastodynamic response model
2.1. Constitutive and motion equation
The equations of motion and the strain–displacement relations for the porous elastic medium in Cartesian coordinate sys-
tem can be expressed asrij;j þ bj ¼ q€ui þ qw €wi; ð1Þ
eij ¼ 12 ui;j þ uj;i
 
; ð2Þ
where rij denotes the total stress tensor (positive for tension); eij is the strain tensor; bi, ui and wi (i = x,y,z) are the net body
force, displacement tensor of soil skeleton and displacement tensor of pore ﬂuid with respect to the soil skeleton, respec-
tively; the subscript,j and ,i denote a partial derivative; the dot over a variable denotes the differentiation with respect to
time t; q = (1  n)qs + nqw, the density of soil, qw and qs are densities of ﬂuid and soil grains, respectively; n is porosity.
Assuming the soil to be linear elastic isotropic saturated porous medium and considering the effect of deformation on the
balance of mass and heat, the constitutive relations of an isotropic linear poroelastic medium can be expressed in terms of
the effective stress and temperature change h as [22]r0ij ¼ 2G eij þ
m
1 2m ekkdij
 
 k0hdij; ð3Þwhere r0ij is effective stress, r0ij ¼ rij þ apdij, ekk is the volume strain, dij is Kronecker delta; p is the Cauchy pore pressure; h is
temperature change (h = T  T0, T is the current temperature and T0 the initial temperature); a(a 6 1) is the Biot modulus
that depends on the compressibility of the constituents, a = 1  K/Ks, Ks is the bulk modulus of soil grains, K = k + 2G/3 is
the drained bulk modulus of the soil medium; k and G are the Lame constants of the bulk material; m is the Poisson ratio;
the thermal modulus k0 = Kac, ac is the coefﬁcient of volumetric expansion of soil medium (C1). In the absence of the tem-
perature increment h, Eq. (3) can be reduced to the constitutive relations of an isotropic linear poroelastic medium.
To obtain the motion equation of coupling thermo-hydro-elastodynamic response for saturated poroelastic medium, Eqs.
(1)–(3) can be combined asGr2ui þ G1 2muj;ji  ap;i  k
0h;i ¼ q€uþ qw €w; ð4Þwhere r is differential operator.
2.2. Fluid ﬂow
Considering an element of volume V that consists of a volume Vs of soil grains and a volume Ve of voids, the rates of
changes of V, Vs and Ve with respect to the time in the porous medium satisfy the following relationship:1
V
@V
@t
¼ 1
V
@Ve
@t
þ 1
V
@Vs
@t
¼ @e
@t
: ð5ÞThe change of volume of soil grains can be given by [30]1
V
@Vs
@t
¼ ð1 nÞas @h
@t
 1 n
Ks
@p
@t
þ m
3Ks
@r0
@t
; ð6Þandm ¼ 1 1 1 0 0h i; ð7Þ
where r0 are the effective stress vector. In term of Eq. (6), the volume change of the grains is related to the temperature,
water pressure and effective stresses.
The volume change of the void is given by [34]1
V
@Ve
@t
¼ rqw þ naw @h@t 
n
Kw
@p
@t
; ð8Þwhere qw, aw and Kw are the volumetric water ﬂux (m/s), coefﬁcient of thermal expansion and bulk modulus of pore water, n
is the porosity of the porous medium; r is the differential Operator. It is indicated in Eq. (8) that the water ﬂow out of the
element and the changes of temperature and pore water pressure will cause the volume change of water.
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@h
@t
 n
Kw
þ 1 n
Ks
 
@p
@t
þ m
3Ks
@r0
@t
; ð9Þwhere as is the coefﬁcient of volumetric thermal expansion of soil grains.
Substituting Eq. (1) into Eq. (9) yields the continuity equation_p ¼ M _n a _eþ au _h
 
; ð10Þwhere M is deﬁned as the other Biot modulus of the two phase medium, 1M ¼ nKw þ 1nKs . It is noted that 0 6M 61. When
M?1, a? 1, a material with incompressible constituents is deﬁned; e is the volume strain, n is the variation of ﬂuid con-
tent, n = rw.
Water ﬂux is given by [34]qw ¼ j rpþ qwn €wþ qw€u
 
 DTrh; ð11Þ
where j is the mobility coefﬁcient of water (m5/Js), j = kl/qwg, kl is the intrinsic permeability (m/s); g is the gravitational
acceleration (m/s2). The theory of thermoporo-elasticity is also formulated in the terms of ‘phenomenological’ constants,
i.e., DT, a phenomenological coefﬁcient (m2/s C) associated with the inﬂuence of thermal gradient on the water ﬂux (ther-
mo-osmosis).
With the help of Eqs. (9)–(11), the equation of ﬂuid ﬂux can be written asr jrpþ DTrhð Þ ¼ a @e
@t
 au @h
@t
þ 1
M
@p
@t
 jqw
n
r€w jqwr€u: ð12Þ2.3. Heat ﬂow
The heat ﬂux in a coupled thermo-hydro-elastodynamics theory can be deﬁned as [35]qT ¼ qwqwCwh krh Dwrp ð13Þ
andk ¼ ð1 nÞks þ nkw; ð14Þ
where qT is the heat ﬂux; Cw is the speciﬁc heat of water (J/kg C); Dw is a phenomenological coefﬁcient (m2/s C) associated
with the inﬂuence of water pressure gradient on the heat ﬂux (thermal-ﬁltration), Dw = (h + T0)DT; k is the thermal conduc-
tivity, ks and kw are the coefﬁcient of thermal conductivity of soil grains and water (J/sm C), respectively.
The heat energy balance equation for the medium can be written as the following equation [26]:rqT ¼ @ VsqsCs þ VeqwCwð Þh½ V@t  ðT0 þ hÞawKwrqw  ðT0 þ hÞKac
@e
@t
: ð15ÞAssuming the density of soil grains and water, the speciﬁc heats Cs and Cw to be constant, Eq. (15) can be written as the fol-
lowing form:m
@h
@t
 ðT0 þ hÞKac @e
@t
¼ qwCwqwrhþ kr2hþ Dwr2pþ ðT0 þ hÞawKwrqw; ð16Þwhere m is the gravimetric speciﬁc heat (J/m3 C), m = (1  n)qsCs + nqw Cw.
Substituting Eq. (11) into Eq. (16) yields the balance equation of heat of the non-linear coupled thermal porous medium.m
@h
@t
 ðT0 þ hÞKac @e
@t
¼ qwCwjrprhþ qwCwj
qw
n
€wþ qw€u
 
rhþ qwCwDT rhð Þ2 þ k ðT0 þ hÞawKwDT½ r2h
þ Dw  ðT0 þ hÞawKwj½ r2p ðT0 þ hÞawKwjqw
1
n
r €wr€u
 	
: ð17ÞIf the property of non-linearity of thermal poroelastic medium is neglected and the change of temperature is small, i.e.,
Dw ¼ hþ T0ð ÞDT¼: T0DT , then the balance equation of heat of the linear, thermal, poroelastic medium can be simpliﬁed as
follows:m
@h
@t
 k0T0 @e
@t
¼ ‘1r2hþ ‘2r2p ‘3 1nr €wþr€u
 	
; ð18Þwhere the constants ‘1, ‘2 and ‘3 are ‘1 = k  T0awKwDT, ‘2 = T0(DT  awKw j), ‘3 = T0awKwjqw, respectively.
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the net body force can be written asðkþ 2GÞr2e ar2p k0r2h ¼ q qwað Þ€eþ qwau€h
qw
M
€p; ð19Þ
jr2pþ DTr2h ¼ a @e
@t
 au @h
@t
þ 1
M
@p
@t
þ jqw
a
n
 1
 
€e jqwau
n
€hþ jqw
nM
€p; ð20Þ
m
@h
@t
 k0T0 @e
@t
¼ ‘1r2hþ ‘2r2pþ ‘3 an  1
 
€e au
n
€hþ 1
nM
€p
 
; ð21Þwhere r2 is Laplacian operator.
The conventional heat conduction theory assumes that the thermal disturbances propagate at inﬁnite speeds. Such
behaviour is physically inadmissible and contradicts existing theories of heat transport mechanisms. Thus, the thermo-hy-
dro-elastodynamic response presented in this paper can eliminate the paradox of an inﬁnite velocity of propagation by
employing the coupling acceleration of heat ﬂow, pore pressure and strain/displacement.
2.4. Special case
The linear coupling equations of the thermo-hydro-elastodynamic response are derived in Sections 2.1–2.3. According to
Eqs. (4), (10), (12) and (18), the special case can be reduced.
2.4.1. Partially coupling thermo-hydro-elastodynamic response case
If the thermo-osmosis effect is also neglected (DT = 0), then the equation of ﬂuid ﬂux of partially coupling case is obtained.jr2p ¼ a @e
@t
 au @h
@t
þ 1
M
@p
@t
þ jqw
a
n
 1
 
€e jqwau
n
€hþ jqw
nM
€p: ð22aÞIf the convective heat transport is neglected, that is Dw = 0, the equation of heat ﬂux can be simpliﬁed asm
@h
@t
 k0T0 @e
@t
¼ kr2hþ ‘2r2pþ ‘3 an  1
 
€e au
n
€hþ 1
nM
€p
 
: ð22bÞwhere the constant ‘2 = awKwjT0.
As Eq. (22) is the equation of heat ﬂux of partially coupling case, the classical Fourier law of heat conduction can be ob-
tained without considering the coupling of temperature, stress and displacement. The motion equation is identical to that of
the coupling thermo-hydro-elastodynamic response case.
2.4.2. Thermo-elastodynamic response case
Without considering the effect of pore water, the governing equations of the coupling thermo-hydro-elastodynamic re-
sponse case in Sections 2.1–2.3 can also be reduced to those of the general thermoelastic medium.Gr2ui þ G1 2muj;ji  k
0h;i ¼ q€u; ð23aÞ
qCe
@h
@t
 k0T0 @e
@t
¼ kr2h; ð23bÞwhere Ce is the speciﬁc heat of thermoelastic medium. To compare with the coupling thermo-hydro-elastodynamic response
case, qCe is deﬁned as qCe = (1  n)qsCs + nqwCw and q = (1  n)qs + nqw, k = (1  n)ks + nkw.3. Solutions of coupling thermo-hydro-elastodynamic response
3.1. Spherical cavity and boundary conditions
In this section, an inﬁnite, homogeneous, isotropic thermal poroelastic medium in which there exists a spherical cavity of
radius r = a is considered. The spherical coordinate is (r,#,/), where # is the meridional angle and / is the circumferential
angle. When an axisymmetric non-torsional thermal/mechanical source, i.e. independent of the meridional angle # and cir-
cumferential angle /, acts on the surface of cavity, the non-vanishing components of stress tensor are rr, r#, r/ and the only
non-vanishing displacement component is the radial one ur = u(r, t) due to spherical symmetry.
In order to solve the problem, the internal boundary of the spherical cavity is assumed to be subject to a time dependent
thermal/mechanical shock, and the permeability is also assumed on the inner surface of the cavity. The thermal/mechanical
shocks applied on the surface of cavity considered herein are axially symmetric one with the step style shown in Fig. 1.
Without considering a thermal and mechanical buried point source in the medium, the initial conditions are taken to be
homogeneous at the time t = 0, i.e. ujt=0 = u0 jt=0 = 0, hjt=0 = h0jt=0 = 0, pjt=0 = p0jt=0 = 0, rr jt¼0 ¼ r0r jt¼0 ¼ 0. The homogeneous ini-
tial conditions are supplemented by the following boundary conditions:
1 t
( ) ( ),t q tθ
0 0, qθ
Fig. 1. Gradually applied step thermal/mechanical shock.
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tq0 0 6 t 6 1;
q0 1 6 t 61;


ð24aÞ
pða; tÞ ¼ 0; ð24bÞ
hða:tÞ ¼ th0 0 6 t 6 1;
h0 1 6 t 61;


ð24cÞwhere q0 and h0 are the maximum load and heat shock acted on the inner surface of cavity, respectively.
3.2. Solutions of a spherical cavity
In the spherical coordinate is (r,#,/), the strain tensor has the following componentser ¼ @u
@r
; e# ¼ e/ ¼ ur : ð25ÞThe governing Eqs. (19)–(21) of the thermo-hydro-elastodynamic response are presented in Section 2. To simplify the solu-
tion, the following non-dimensional variables are introduced:r ¼ Vgr; u ¼ Vgu; t ¼ V2gt; h ¼ k
0h
kþ 2G ; p
 ¼ ap
kþ 2G ;
rij ¼
rij
kþ 2G ; V ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kþ 2G
q
s
; g ¼ m
k
:In terms of these non-dimensional variables, Eqs. (19)–(21) and the non-dimensional stresses take the following form in ab-
sence of the net body force (dropping the asterisks for convenience):r2er2pr2h ¼ /1 @
2e
@t2
þ /2
@2h
@t2
þ /3
@2p
@t2
; ð26Þ
r2pþu0r2h ¼ u1
@e
@t
þu2
@h
@t
þu3
@p
@t
þu4
@2e
@t2
þu5
@2h
@t2
þu6
@2p
@t2
; ð27Þ
@h
@t
þ w0
@e
@t
¼ w1r2hþ w2r2pþ w3 @
2e
@t2
þ w4
@2h
@t2
þ w5
@2p
@t2
; ð28Þ
rr ¼ e 2b2 ur  p h; ð29Þwhere, the Laplacian operator is given by r2 ¼ @2
@r2 þ 2r @@r, the strain e ¼ @ur@r þ 2urr ; /1 ¼ qaqwq ; /2 ¼ qwauðkþ2GÞqk0 ; /3 ¼  qwðkþ2GÞqaM ;
u0 ¼ DTak0j ; u1 ¼ a
2
ðkþ2GÞjg; u2 ¼  aauk0jg; u3 ¼ 1Mjg; u4 ¼ qwa anð Þqn ; u5 ¼  qwaauðkþ2GÞnqk0 ; u6 ¼ qwðkþ2GÞnMq ; w0 ¼  T0k
02b
mðkþ2GÞ; w1 ¼ ‘1k ; w2 ¼ ‘2k
0
ka ;
w3 ¼ ‘3 anð Þk
0
nqk ;w4 ¼  ‘3auðkþ2GÞnqk ; w5 ¼ ‘3k
0 ðkþ2GÞ
nMqak ; b
2 ¼ 2Gkþ2G.
The technique of Laplace transform is introduced to solve the governing Eqs. (26)–(28), and can be deﬁned assnf ðsÞ ¼
Z 1
0
@nf ðtÞ
@tn
est dt: ð30ÞApplying Laplace transformation to Eqs. (26)–(28), we can obtain the transformed governing equationsr2  /1s2
 
e ¼ r2 þ /2s2
 
hþ r2 þ /3s2
 
p; ð31Þ
r2 u3su6s2
 
p ¼ u1sþu4s2
 
eþ u2sþu5s2 u0r2
 
h; ð32Þ
s w4s2
  w1r2h ih ¼ w3s2  w0s eþ w2r2 þ w5s2h ip: ð33Þ
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Comput
Varia
Lam
Lam
Dens
Bulk
Bulk
Ther
Initia
Spec
Table 2
Comput
Varia
Lam
Lam
Ther
Specr6  n1r4 þ n2r2  n3
 
h;p; e
  ¼ 0 ð34Þin whichn1 ¼
1
w1c5 þ w2c7
c1c5 þ w1c6 þ c3c7  w2c8ð Þ;
n2 ¼
1
w1c5 þ w2c7
c2c5 þ c1c6  c4c7  c3c8ð Þ;
n3 ¼
1
w1c5 þ w2c7
c2c6 þ c4c8ð Þ;where v0 = s  w4s2; v1 = u3s + u6s2; v2 = u1s + u4s2; v3 = u2 s + u5s2; v4 = w0s  w3s2; c1 = /1 w1s2 + v0 + v4; c2 = v0/1s2  v4
/2s
2; c3 = v4 +w2/1s2  w5s2; c4 = v4/3s2 + /1w5s4; c5 = v4  v2w2; c6 = v4v1 + v2w5s2; c7 = v2w1  v4w0; c8 = v3v4  v0v2.
The above system of equations can be factorized asr2  k21
 
r2  k22
 
r2  k23
 
h; p; e
  ¼ 0; ð35Þwhere k1, k2 and k3 are the characteristic roots of Eq. (34), denoting the velocities of propagation of three possible waves, the
compressional (P1 and P2) wave, and thermal (T) wave. The roots k1, k2 and k3 are given byk21 ¼
1
3
2p1 sin q1ð Þ þ n1ð Þ; k22 ¼
1
3
n1  p1
ﬃﬃﬃ
3
p
cos q1ð Þ þ sin q1ð Þ
 h i
; p1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n21  3n2
q
;k23 ¼
1
3
n1 þ p1
ﬃﬃﬃ
3
p
cos q1ð Þ  sin q1ð Þ
 h i
; q1 ¼
1
3
sin1 2n
3
1  9n1n2 þ 27n3
2p31
 !
:The solution of Eq. (35) can be written as h ¼ h1 þ h2 þ h3, p ¼ p1 þ p2 þ p3 and e ¼ e1 þ e2 þ e3. So, Eq. (35) can be decom-
posed as follows:r2  k21
 
h1;p1; e1
  ¼ 0; r2  k22  h2;p2; e2  ¼ 0; r2  k23  h3; p3; e3  ¼ 0: ð36ÞSolving Eq. (36), one obtainshi ¼ 1ﬃﬃrp AiK1=2 kirð Þ þ BiI1=2 kirð Þ
  ði ¼ 1;2;3Þ; ð37Þwhere K1/2(x) is the modiﬁed Bessel function of the second kind of order 1/2, I1/2(x) is the modiﬁed Bessel function of the ﬁrst
kind of order 1/2.
It is noted that I1/2(x)?1 when x? 1, so constants Bi should equal to zero. Then, the solutions of Eq. (35), which is
bounded at inﬁnity, are given byational parameters of thermal porous medium.
ble Value Variable Value
e constant G 8  106 Pa Volumetric expansion of soil ac 3.0  105 C1
e constant k 6  106 Pa Expansion of soil grain as 3.0  105 C1
ity of soil grains qs 2610 kg/m3 Expansion of soil water aw 3.0  104 C1
of water Kw 3.3 GPa Porosity n 0.4
of soil grains Ks 59 GPa Permeability kl 1.0  108 m/s
mal conductivity of soil grain 3.29 J/s m C Thermal conductivity of water 0.582 J/s m C
l temperature T0 27C Thermo-osmosis DT 2.7  1011
iﬁc heat of water Cw 4186 m2 s2 C1 Speciﬁc heat of soil grain Cs 937 m2 s2 C1
ational parameters thermoelastic medium.
ble Value Variable Value
e constant G 8  106 Pa Volumetric expansion of soil ac 3.0  105 C1
e constant k 6  106 Pa Density of soil q 1966 kg/m3
mal conductivity of soil 2.21 J/s m C Initial temperature T0 27 C
iﬁc heat of soil Ce 1598 m2 s2 C1
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r
p A1K1=2 k1rð Þ þ A2K1=2 k2rð Þ þ A3K1=2 k3rð Þ
 
; ð38aÞ
p ¼ 1ﬃﬃ
r
p v11A1K1=2 k1rð Þ þ v12A2K1=2 k2rð Þ þ v13A3K1=2 k3rð Þ
 
; ð38bÞ
e ¼ 1ﬃﬃ
r
p v21A1K1=2 k1rð Þ þ v22A2K1=2 k2rð Þ þ v23A3K1=2 k3rð Þ
 
: ð38cÞIn solutions above, the two terms of constants v1i and v2i can be related by using Eqs. (31) and (32) asv1i ¼
k2i þu2s2
 
v2 þ k2i u1s2
 
v3  /0k2i
 
k2i u1s2
 
k2i  v1
 
 k2i þu3s2
 
v2
ði ¼ 1;2;3Þ; ð39aÞ
v2i ¼
k2i  v1
 
k2i þu2s2
 
þ k2i þu3s2
 
v3  /0k2i
 
k2i u1s2
 
k2i  v1
 
 k2i þu3s2
 
v2
: ð39bÞIntegrating both sides of Eq. (38c) from zero to inﬁnity, and assuming that u(r, t) vanishes at inﬁnity, we obtainFig. 2a. Histories of radial displacement at the surface of cavity for THED, PTHED and TED cases (mechanical source).
Fig. 2b. Isochrones of radial displacement at the surface of cavity for THED, PTHED and TED cases (mechanical source).
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r
p v21
k1
K3=2 k1rð ÞA1 þ v22k2 K3=2 k2rð ÞA2 þ
v23
k3
K3=2 k3rð ÞA3
 
; ð40Þwhere K3/2(x) is the modiﬁed Bessel functions of order 3/2.
The expression of stress can be obtained with the help of Eqs. (38) and (40)rr ¼
X3
i¼1
1ﬃﬃ
r
p 2b
2
rki
v2iK3=2 kirð Þ þ v2i  v1i  1
 
K1=2 kirð Þ
" #
Ai: ð41ÞApplying Laplace transform to Eq. (24), then substituting Eqs. (38a), (38b) and (41) into Eq. (24), the undetermined con-
stants A1, A2 and A3 can be derived by a set of linear equationsX3
i¼1
2b2
aki
v2iK3=2 kiað Þ þ v2i  v1i  1
 
K1=2 kiað Þ
" #
Ai ¼
ﬃﬃﬃ
a
p
q0
1 esð Þ
s2
; ð42Þ
A1K1=2 k1að Þ þ A2K1=2 k2að Þ þ A3K1=2 k3að Þ ¼
ﬃﬃﬃ
a
p
h0
1 esð Þ
s2
; ð43Þ
v11A1K1=2 k1að Þ þ v12A2K1=2 k2að Þ þ v13A3K1=2 k3að Þ ¼ 0: ð44ÞFig. 3. Histories of temperature increment at the surface of cavity for THED, PTHED and TED cases (mechanical source).
Fig. 4. Histories of stress at the inner of cavity for THED, PTHED and TED cases (mechanical source).
2212 G.B. Liu et al. / Applied Mathematical Modelling 34 (2010) 2203–2222Solved the linear system of Eqs. (42)–(44), the undetermined constants A1, A2 and A3 can be derived. Applying the inverse
Laplace transform to the equations displacement, pore pressure and the stress, the solution in time domain can be obtained.
3.3. Solutions of the special cases
3.3.1. Partially coupling thermo-hydro-elastodynamic response case
Making DT = 0, the solutions in Sections 3.1 and 3.2 can be reduced to those of the partially coupling thermo-hydro-elas-
todynamic response case. In addition, the other cases of partially coupling thermo-hydro-elastodynamic response can also be
reduced from the governing equation of the fully coupling cases.
3.3.2. Thermo-elastodynamic response case
Utilizing the same method as Section 3.2, the solutions of the thermo-elastodynamic response case can be derived.h ¼ 1ﬃﬃ
r
p A1K1=2 k1rð Þ þ A2K1=2 k2rð Þ
 
; ð45Þ
e ¼ 1ﬃﬃ
r
p v21A1K1=2 k1rð Þ þ v22A2K1=2 k2rð Þ
 
; ð46ÞFig. 5a. Histories of radial displacement at the surface of cavity for THED, PTHED and TED cases (heat source).
Fig. 5b. Isochrones of radial displacement along the radius of cavity for THED, PTHED and TED case (heat source).
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r
p v21
k1
K3=2 k1rð ÞA1 þ v22k2 K3=2 k2rð ÞA2
 
; ð47Þ
rr ¼
X2
i¼1
1ﬃﬃ
r
p 2b
2
rki
v2iK3=2 kirð Þ þ v2i  1
 
K1=2 kirð Þ
" #
Ai; ð48Þwhere v2i ¼ k
2
i
k2i s2
ði ¼ 1;2Þ; k21;2 ¼ n1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n214n2
p
2 ; n1 = s(s + 1 + w0); n2 = s
3; w0 ¼ T0k0
2
mðkþ2GÞ; m = qCe; b
2 ¼ 2Gkþ2G.
4. Numerical results and analysis
We will now outline the numerical inversion method to obtain the solution of the problem in physical domain. Following
Honig and Hirdes [36], the Laplace transformed function can be inverted as follows:f ðtÞ ¼ e
st
2pi
Z vþi1
vi1
estFðsÞds: ð49ÞFig. 6a. Histories of temperature increment at the inner of cavity for THED, PTHED and TED cases (heat source).
Fig. 6b. Isochrones of temperature increment along the radius for THED, PTHED and TED cases (heat source).
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st
D
1
2
Re FðsÞf g þ
XN
n¼0
Re F sþ in2p
D
 	
 
cos nt
2p
D
 	
 Im F sþ in2p
D
 	
 
sin nt
2p
D
 	 	" #
; ð50Þwhere sD = 5–10 gives good results for N ranging from 50 to 1000. It should be noted that a good choice of the free param-
eters N and sD is not only important for the accuracy of the results but also for the application of the Korrecktur method and
the methods for the acceleration of convergence. The values of all parameters in Eq. (50) are deﬁned as D = 20, s = 0.25 and
N = 1000 in this paper.
To ascertain the correctness of the model of coupling thermo-hydro-elastodynamic response, the governing equations of
the partially coupling thermo-hydro-elastodynamic response case are reduced by making thermo-osmosis and thermal-ﬁl-
tration equal to zero (DT = 0, Dw = 0). Furthermore, the governing equations and the solutions of the thermo-elastodynamic
response case, without considering the effect of pore water, are also derived on the basis of the coupling model of this paper.
Sherief and Saleh [10] investigated the distribution of thermal stresses and temperature in a generalized thermoelastic
mediumwith a spherical cavity subjected to a sudden change in temperature of its internal boundary. There was a relaxation
time s in the energy equation and the other one t in the motion equation. The solutions were obtained by using the tech-Fig. 7. Histories of stress at the inner of cavity for THED, PTHED and TED cases (heat source).
Fig. 8. Histories of radial displacement at the surface of cavity for different value of permeability (mechanical source).
G.B. Liu et al. / Applied Mathematical Modelling 34 (2010) 2203–2222 2215nique of Laplace transform, and then the complex inversion formula of the transform together with the contour integration
technique was used to obtain the temperature, displacement and stress distribution. In fact, the solutions (Eqs. (45)–(48)) of
the thermo-elastodynamic response case derived in this paper are identical to those of Sherief and Saleh [10] by making the
relaxation time s and t equal to zero (s = t = 0). Therefore, the results of the coupling thermo-hydro-elastodynamic response
case (THED) can be compared with those of the partially coupling thermo-hydro-elastodynamic response case (PTHED) and
the thermo-elastodynamic response case (TED).
The basic physical parameters of the thermal poroelastic medium used in the calculation are cited directly from the Refs.
[27,30,32,33] and are listed in Table 1. The parameters of thermoelastic medium are processed equivalently for by deﬁning
qCe = (1  n)qsCs + nqwCw and q = (1  n)qs + nqw, k = (1  n)ks + nkw and are listed in Table 2.
4.1. Comparable results of THED, PTHED and TED
In order to investigate the inﬂuence of coupling effect on the thermal poroelastic medium, the results of the THED model
and the PTHED model are compared, and the results of the TED model are also considered to ascertain the correctness of the
fully coupled THED model. The numerical technique outlined above is used to obtain the radial displacement, temperature
increment and radial stress distributions. As he change of temperature is assumed to be small during the derivation of the
energy equation, the action effect of the thermal source and mechanical source should be considered, respectively. So, theFig. 9. Isochrones of pore pressure along the radial direction for different value of permeability (mechanical source).
Fig. 10. Histories of stress at the inner of cavity for different value of permeability (mechanical source).
2216 G.B. Liu et al. / Applied Mathematical Modelling 34 (2010) 2203–2222case that traction free surface when subject to a thermal source only is considered, and vice versa. We ﬁrst consider the case
where the cavity is subjected to gradually applied step mechanical source.4.1.1. Mechanical source
The histories of radial displacement, temperature increment, stress and isochrones of radial displacement are shown in
Figs. 2–4 for the mechanical source case. The solid line represents the result corresponding to the THED model, while the
dotted line and the dash dot line represent that of the PTHED model and the PTED model, respectively.
The displacement is zero at the initial time, as shown in Fig. 2a, and increases after the mechanical source applied grad-
ually. It is noted that the peak value occurs later than the maximum value of load and, then the displacement decreases and
approaches a steady value at last. There is the maximum value at the surface of the cavity, shown in Fig. 2b, and decreases
along the radius of the cavity when the time t is equal to 1. In fact, the distribution characteristic of the displacement is coin-
cided with the transient response in poroelastic medium [38]. The histories of radial displacement for both the THED model
and the PTHED model are identical and the curves are completely coincident. This means that the thermo-osmosis Dt and
thermal-ﬁltration Dw have no inﬂuence on the radial displacement. So, the coupling effect is not very signiﬁcant when there
is no thermal source or external change of temperature. As a result, both the coupled and uncoupled model can be used in
the analysis of dynamic problem. The equivalent parameters are adopted in the calculation, and a slight difference of result isFig. 11. Histories of radial displacement at the surface of cavity for different value of permeability (heat source).
Fig. 12. Isochrones of pore pressure along the radial direction for different value of permeability (heat source).
G.B. Liu et al. / Applied Mathematical Modelling 34 (2010) 2203–2222 2217revealed between the thermal poroelastic medium (THED) to thermoelastic medium (TED). Therefore, the fully coupled ther-
mo-hydro-elastodynamic response model can be ascertained to be correct.
In the absence of the thermal source, the temperature increment, as shown in Fig. 3, is 1020 order of magnitude for both
the THED model and the PTHED model, and is 1025 order of magnitude for the TED model. As a result, the temperature
increment can be omitted for mechanical source case. At the surface of the cavity, the stress proﬁle is the same as the grad-
ually applied load distribution (Fig. 4). In the inner of the medium r/a = 2, the amplitude of the stress calculated using the
TED model is about 0.33 and is about 0.15 for the THED model and the PTHED model. At last, the stress approaches a steady
value 0.125 for all the models. In addition, the inﬂuence of the thermo-osmosis Dt on the stress can be neglected and is sim-
ilar to that on the radial displacement.
4.1.2. Thermal source
Time histories and isochrones of solutions under three types of models when subject to a thermal source are presented
next. The histories and isochrones of the radial displacement show substantial difference in comparison with Fig. 2. The
deformation shown in Fig. 5a is a dynamic process. The peak displacement corresponding to the THED model is about
1.29 and 7 times greater than that of the TED model. Due to the thermo-osmosis Dt in the THED model is deﬁned as 1 
1011 and is very close to the value used in the PTHED model, i.e. Dt = 0, the peak displacement for the partially couplingFig. 13. Histories of stress at the inner of cavity for different value of permeability (heat source).
Fig. 14. Histories of temperature increment at the inner of cavity for different value of permeability (heat source).
2218 G.B. Liu et al. / Applied Mathematical Modelling 34 (2010) 2203–2222case is a little greater than that of the fully coupling case, although the steady value (i.e. zero) is identical for three cases. In
all cases, as shown in Fig. 5b, the cavity expands along the radius for some time after ﬁrst heating and then starts to com-
pressive deformation. This is because the water and soil skeleton expand initially due to the heating causing local increases
in pore water pressure. With time, the excess pore water pressure decrease, and the decrease in water content result in a
reduction in the expansion. The characteristic was analyzed by Aouadi [39]. This ﬁgure shows that the displacement wave
propagates through the radius of the cavity at different times. Comparison between Figs. 5b and 6b reveals that the maxi-
mum of displacement occurs at the vicinity of the thermal wave front.
Fig. 6 shows the distribution of temperature increment. The surface thermal source is also plotted in the ﬁgure which
agrees with the boundary condition prescribed. At the inner of the medium, the history of temperature increment is identical
and approaches the same steady value for three cases. At different instants, the non-zero region removes forward corre-
spondingly with the passage of time (Fig. 6b). It may be seen in Fig. 5b that the temperature waves propagate with ﬁnite
speed of propagation (the second sound effect). These waves are in spherical form that propagates along the radial direction.
The surface stress shown in Fig. 7 agrees also with the traction free boundary condition. The history of stress in the coupling
and partially coupling model shows a dynamic process either, while there is no such phenomenon in the thermoelastic med-
ium, although the steady values is identical for all the models. The coupling effect of Dt is not important in the thermal poro-
elastic medium.Fig. 15. Histories of radial displacement at the surface of cavity for different value of thermo-osmosis Dt (mechanical source).
Fig. 16. Isochrones of pore pressure along the radial direction for different value of thermo-osmosis Dt (mechanical source).
G.B. Liu et al. / Applied Mathematical Modelling 34 (2010) 2203–2222 2219It can be suggested in many literatures that the parametersM, k, kl have the most signiﬁcant inﬂuence on the response in
poroelastic medium. However, attention is just focused on two coupling parameters of ﬂuid and heat, i.e. permeability kl and
thermo-osmosis DT in this paper.4.2. Parameters effect in the thermo-hydro-elastodynamic response case
4.2.1. Permeability kl
In this section, the inﬂuence of parameter kl on the thermo-hydro-elastodynamic response (THED) is analyzed. Figs. 8–10
show the inﬂuence of permeability on the radial displacement, pore pressure and stress when subject to a mechanical source
at the fully permeable cavity surface. The radial displacement, pore pressure and stress increase with decreasing values of kl.
When the value of kl decreases from 1  108 to 1  109, there is a slight increase in all the solution results. However, obvi-
ous increase occurs when kl decreases to 1  1011. It is noted that considerable pore water pressure are developed in the
near ﬁeld, and pore pressure dissipate very slowly due to the very low-permeability in the poroelastic medium (Fig. 9).
The peak pore water pressure occurs at r/a = 1.5.Fig. 17. Histories of stress at the inner of cavity for different value of thermo-osmosis Dt (mechanical source).
Fig. 18. Histories of radial displacement at the surface of cavity for different value of thermo-osmosis Dt (heat source).
2220 G.B. Liu et al. / Applied Mathematical Modelling 34 (2010) 2203–2222The inﬂuence of kl on the radial displacement, pore pressure and stress when subject to a thermal source at the fully per-
meable cavity surface is shown in Figs. 11, 12 and 14. The solution results are similar to that of mechanical source. In addi-
tion, there is no inﬂuence of permeability on the temperature increment (Fig. 13).4.2.2. Thermo-osmosis DT
The inﬂuence of thermo-osmosis DT on the thermo-hydro-elastodynamic response is analyzed in this section. When there
is a mechanical source on the surface of cavity, the inﬂuence of DT on radial displacement, pore pressure and stress is so small
that it can be omitted (Figs. 15–17). In a word, it is not indispensable to use the fully coupling case in the analysis when there
is no thermal source.
However, it is noted in Figs. 18–21 that the effect of parameter DT is obvious on the displacement, pore pressure and stress
during the dynamic history although the steady value is identical. Due to the existence of the thermal source, the thermo-
osmosis effect occurs. The change of temperature gradient results in the change of the ﬂuid ﬂux, which can be described with
the change of thermo-osmosis. With increasing thermo-osmosis DT shown in Fig. 19, the dissipation of pore water slower
and the peak pore pressure increases and, furthermore, the history of dissipation is delayed also. Increasing pore water pres-
sure results in the decrease of deformation, so the peak displacement increases prominently with the increasing thermo-Fig. 19. Curve of pore pressure along the radial direction for different value of thermo-osmosis Dt (heat source).
Fig. 20. Histories of stress at the inner of cavity for different value of thermo-osmosis Dt (heat source).
Fig. 21. Histories of stress at the inner of cavity for different value of thermo-osmosis Dt (heat source).
G.B. Liu et al. / Applied Mathematical Modelling 34 (2010) 2203–2222 2221osmosis DT (Fig. 18). As the increasing pore pressure, the stress increases with increasing thermo-osmosis either (Fig. 21).
The thermo-osmosis has no inﬂuence on the temperature increment is indicated in Fig. 20.
5. Conclusion
Considering the coupling of the heat phase, ﬂuid phase and the solid phase, the thermo-hydro-elastodynamic response of
a spherical cavity in an isotropic, saturated porous medium is analyzed when the surface of the cavity is subjected to a time
dependent thermal/mechanical source. The solutions of displacement, pore pressure, temperature increment and stress are
obtained using a semi-analytical approach in the domain of Laplace transform. Numerical results show the inﬂuences of
thermo-osmosis and permeability on thermo-hydro-elastodynamic response. Some important phenomena are observed in
the computation.
(1) When the surface of the spherical cavity subject to a mechanical source, the distribution characteristic of the displace-
ment and stress is coincided with the transient response in poroelastic medium. The inﬂuence of the thermo-osmosis
Dt and thermal-ﬁltration Dw is negligible, and the uncoupled model can be used in the analysis of similar problem,
which ascertain the correctness of the fully coupling model.
(2) When the surface of the cavity subject to thermal source, water and soil skeleton expand initially due to the
heating causing local increases in pore water pressure. The cavity expands along the radius for some time after ﬁrst
heating and then starts to compressive deformation. The coupling effect of Dt is not important in the thermal
poroelastic medium, but there is a substantial difference in comparison with the mechanical source case and is greater
than that of the TED model. The waves propagate with ﬁnite speed of propagation (the second sound effect) is also be
observed.
(3) Considerable pore water pressure is developed in the near ﬁeld, and pore pressure dissipates very slowly due to
the very low permeability in the poroelastic medium. Thus, whether subject to a mechanical source or thermal
source at the fully permeable cavity surface, the responses increase with decreasing kl except for the temperature
increment.
(4) As the change of temperature gradient results in the change of the ﬂuid ﬂux, the dissipation of pore water slower and
the peak pore pressure increases. Therefore, the inﬂuence of thermo-osmosis is obvious. With increasing thermo-
osmosis DT, the peak displacement and stress increases prominently.
(5) The parameters inﬂuence on temperature increment can be neglected in all models and boundary conditions. The
results presented in this paper should prove useful for researchers and can be extended to such problems as the
half-space case, multidimensional case, etc.
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